Existence of certain sequences of Hermite–Padé approximants  by Baker, George A. & Graves-Morris, P.R.
JOURNAL OF 
COMPUTATIONAL AND 
APPLIED MATHEMATICS 
ELSEVIER Journal of Computational and Applied Mathematics 54 (1994) 45-49 
Existence of certain sequences of Hermite-Pad6 approximants *
George A. Baker Jr a, P.R. Graves-Morris b, * 
a Theoretical DiGion, Los Alamos National Laboratory, Unicersity of California, Los Alamos, NM 87545, United States 
’ Mathematics Department, Uniuersity of Bradford, Bradford, West Yorkshire, BD7 IDP, United Kingdom 
Received 19 May 1992; revised 21 December 1992 
Abstract 
We prove the existence of infinite sequences of unique, minimal Hermite-Pad& polynomials of horizontal, 
near-partially-diagonal and near-diagonal character. 
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We shall be mainly interested in the properties of sequences of the sets of polynomials which 
define integral and algebraic approximants. However, all the properties we shall be studying 
are valid in the more general setting of Hermite-Pad& approximants and so we shall present 
our results in that framework. Hermite-Pad& polynomials are defined by equating the coeffi- 
cients of powers of z in the equation 
i: fi(z)Qj(z) = o(zS+‘)> (1) 
j=-* 
where the fj(z) are formal power series in z, the Y,(z) are polynomials of degree mj and 
s = Cy= -,(mj + 1) - 2. The polynomial defining equation for integral approximants is 
i f”‘(z)Qj,L(z) -P&) = o(zL+M+‘), (2) 
j = 0 
where P,(z) is of degree L and f”‘(z) is the jth derivative of the functional element f(z) 
defined by its Maclaurin series. We identify f_.Jz) = 1, and C&(Z) = -P,(z). We define 
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M = CfCO(mj + 1) - 1. The integral approximant of type (L, m,,, m,, . . , , mk> is defined as the 
solution y(z) of the equation 
? Y”‘( z)Qj,L( z, = p,!,(z)> (3) 
j=O 
subject to the appropriate boundary conditions. In like manner the algebraic polynomial 
defining equation is 
~ [f(Z)]‘Qj,~(Z)-‘~(Z)=o(z~+~+l)~ (4) 
j=O 
and the algebraic approximants of type (L, m,, m,, . . . , mk> are defined as the solutions of 
C [Y(z)l’Qj,L(z) =‘I!,(‘), (5) 
j=O 
subject to y(O) =f(O). 
It is clear from (3) and (5) that the value of the approximants is independent of any common 
factor of <P,<z>, Q,,,(z), Q,,Jz>, .. . , Qk,L(z)). Any such common factors as may occur, except 
for those of the form zj, can be simply divided out without changing (11, (2) or (4). If zj is a 
factor, such a division will affect the “true” degree of contact of the polynomial defining 
equation at the origin, and consequently may affect the rate of convergence of the approxi- 
mants. The purpose of this paper is to show that one may simply discard any such sets of 
polynomials as may occur in near-diagonal, near-partially-diagonal or horizontal sequences of 
approximants without the loss of any essentially different approximants. 
The problem we are discussing was partially solved by us [ll in a previous study. In this study 
we introduced the following definition (here modified for Hermite-Pad6 polynomials). The 
approximant type will be denoted by the vector m = (m_ 1, m,, . . . , mk). 
Definition 1. A solution for the Hermite-Pad6 polynomials of type m to f(z) is called minimal 
if it is of the lowest degree in the following sense. First there exists no other solution of type m 
for which the actual degree of Qk is smaller. If there exist solutions of type m for which 
Qk = 0, then we minimise the degree of Qk_ 1, Qk_2, etc. to find the minimal solution. 
We have proven [l] that there exists an essentially unique minimal solution for the 
Hermite-Pad& polynomials of every type m. Here essentially unique means unique up to a 
constant multiplier. There are other definitions due to Beckermann [3] and Paszkowski [4] 
which are either not unique or require a larger coefficient set for their definition. Our 
definition automatically ensures that there are no common factors of the type (a + bz), a # 0, 
in the minimal solution, because if there were, we could obtain a solution with Q,(z) of lower 
degree by a simple division. It may, however, be the case that the minimal solution has a 
common factor of z. In the Pad6 case, we can see this result for the case [l/l] as 
f(z)=l+z2+ **-, Q,(z) =z, Q_,(Z)= -z. (6) 
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In the first-order integral approximant case we can see this result again from the example 
f(z) = 1 - 2z + z2 - +z3 + AZ4 - z5 + . . . (7) 
as 
f’(z) +f(z) + 1 = O(z4), (8) 
which leads to the minimal solution with y(O) =f(O), 
y(z) = 2e-’ - 1, (9) 
for the cases [O/O; 01, [l/O; 01, [O/l; 01, [O/O; 11, [l/l; 01, [l/O; 11 and [O/l; 11. Direct compu- 
tation shows that the minimal solution for the integral polynomials of type [l/l; l] corresponds 
to the equation 
zf’(z) +zf(z) +z = O(9), (IO) 
which illustrates the possibility of this problem occurring. 
We now provide our key lemma. 
Lemma 2. If the minimal solution for the Hermite-Pad6 polynomials of type m is divisible by Z~ 
but not by z*+l, /.L = 0, 1, 2,.. ., then the minimal solution for the Hermite-Pad6 polynomials of 
type m - v is not divisible by z, if 
IVI =p, vj>O, forall-l<j<k. (11) 
Notation. We have employed the notation 
IVI = c Iv;1 (12) 
j=-1 
in (ll), and we will denote the unit vector in the direction j by ej. 
Proof of Lemma 2. If p = 0, the conclusion holds by hypothesis, and so we restrict our attention 
to p > 1. Suppose that zI* divides the polynomials ej<z> defined by (11, and z cL + ’ does not for 
at least one j in the range - 1 ~j < k. Let us denote 
Qj(z) =z-@Qj(z), for all - 1 <j <k. (131 
Then the polynomial defining equations of type m - pEF= _lej are oversatisfied by (k + 1)~ 
orders in z by the Q(z) as 
5 Qj(‘)fj(‘) = O( 
ZL-p+(M-(k+l)~L)+(k+l)p+l 
1. (14) 
j=-1 
Following [2] we see that the Qj(z) form a solution for all the types 
m-p i ej+w, Iwl <(k+l)h, wj>O,forall-l<j<k. 
j=-1 
(15) 
Note that the set of types defined in (11) is contained in that defined in (15). We will now 
suppose that v = pe,. The argument for any other v in the set (11) is not intrinsically different. 
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The remarks above show that the Qj(z) form a solution o,f type m - ,ue,. If the highest po_wers 
of t in Qj<z> are vj, then the highest powers of z in the Qj<z> are sj = vj - p. Either the Q,(z) 
form the unique minimal solution of, type m - peJ, or they do not. If they do, then by 
hypothesis z does_not divide all the Q,(z) and the lemma is proven. Therefore suppose that 
they do not. Let Q(z) denote the unique minimalAsolution, and then the degree of Qk<z> G Gk 
; 1 = vk - p - 1. SinceA the solutions Q(z) and Q< z) differ in the true degrees of Qk( z) and 
Qk(z), and since the Qj(z) have no common factors by construction, we have two different 
solutions of type m - pe,. Therefore there exists a linear combination of them which satisfies 
the polynomial defining equations to one higher order and so this linear combination is a 
solution of _type m - (p - lie,, with the degree of its Q,(z) equal to at most vk -p. In 
addition, zQ(z) is a solution [2] of type m - (p - lie, with the true degree of its Qk(z> equal 
to vk - (p - 1). Again we can construct a linear combination of these two solutions which 
satisfies the polynomial defining equations to one higher order and so it is a solution [2] of type 
m - (p - 2)e, with the true degree of its Qk(z> equal to vk - (p - 2). This argument can be 
repeated until we obtain a solution of type m where the true degree of its Q,(z) is vk - 1. 
However, vk was^ the minimum possible, so we have a contradiction, Thus the “simplex 
vertex-solution” Qj< z) must have been the unique minimal solution of type m - pe,. As this 
same set of arguments can also be repeated for any Y allowed by (ll), we conclude the lemma. 
At this point, it is convenient to introduce the following definition. 
Definition 3. A sequence {m(‘)}~zo of Hermite-Pad6 polynomials is said to be a nearest-neighbour 
sequence if, for all i and a corresponding j(i), rn$;‘) 
m!‘+ 1) 
I 
= m!” 
= m$, + 1 and, for all other j #j(i), 
J * 
Note that the connected increasing sequences of [l] are just certain subsequences of our 
nearest-neighbour sequences, and that each nearest-neighbour sequence is a connected increas- 
ing sequence. 
Theorem 4. Any nearest-neighbour sequence of Hermite-Pade’ polynomials contains _ut least an 
infinite subsequence [Q,,,,(z>}~=~ of minimal Hermite-Pad6 polynomials such that Q,,,,,,(O) # 0, 
and such that their true orders of contact s - ,u (in the notation of (1) and Lemma 2) go to 
infinity with i. 
Proof. In the nearest-neighbour sequence originally given, the value of s of (1) goes to infinity 
by construction. Next, we note that we may assume, without loss of generality, that for some j, 
- 1 <j < k, f:,(O) + 0, and for all other j’s, fj a z l(j) for some finite, nonnegative 1. Otherwise, 
the problem 1s equivalent to one with a smaller value of k. In any solution with a sufficiently 
high degree of contact at the origin, it must be that there are at least two polynomials which are 
not identically zero, or else it would be impossible to satisfy the polynomial defining equations 
in a nontrivial manner. Therefore we can conclude that there exists a highest power p(i) > 0 of 
z which divides the minimal solution of type m@), Q,(,,, and which is less than or equal to the 
second largest mj @). If p(i) = 0, we include type rn@) in our subsequence. Otherwise we can 
conclude from Lemma 2 that associated with type m (‘) there are the unique minimal solutions 
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of types mCi) - v which are not divisible by z, where I u I = p(i), and L; 2 0 for all - 1 <j G k. 
However, this set of types is the complete set of possible p-step backward precursor types 
allowed by Definition 3 for a nearest-neighbour sequence. Therefore one of these types is type 
m . (i-pL(i)) As all the members of this set of solutions are the same, and equal to z-~~~)Q,Jz), 
we lose nothing by discarding the case rn@) in these circumstances. Finally, we remark that if 
s(i) is the value of s in (1) in member i of the sequence, then p(i) G is(i) and the degree of 
contact of type rncietLci)) is greater than or equal to is(i) and so it goes to infinity with i, as does 
s(i). 0 
There is an elementary corollary which follows from this theorem but is nevertheless useful 
to record. For it, we need the following definition. 
Definition 5. A near-partially-diagonal sequence of Hermite-Pad6 polynomials will be any 
nearest-neighbour sequence of type mci), i = 1, 2,. . . , where, for some N c I = ( - 1 < j < k), 
m!‘) 
lim + =l, jEN, 
i-m 1 
(16) 
and ml” = ml” for j E I\N. 
Note that the case N = I is called a “near-diagonal sequence”, and the case where N has 
just one element is called an “axis sequence” which includes a horizontal sequence as a special 
case. 
Corollary 6. There exists at least an infinite subsequence of minimal, near-partially-diagonal, 
Hermite-Pad6 polynomials to given functional elements fi( z) such that Q,w # 0. 
Proof. Special case of Theorem 4. 0 
As a final remark, we note that the subset of all minimal Hermite-Pad& polynomials which 
have the property that Q, (W # 0 is as complete, in so far as either the integral or algebraic 
approximants are concerned (by (31, (5) and Theorem 4), as is the complete table of minimal, 
Hermite-Pad6 approximants. Furthermore, this subset possesses subsequences adequate for 
the study of convergence properties, and has the virtue that the accuracy-through-order 
principle of the polynomial defining equations is preserved. 
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